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DIFFERENTIAL EVOLUTION IN SCHOOL MATHEMATICS - A DERIVATIVE-FREE
METHOD FOR CALCULATING EXTREME VALUES

L. Paditz
Dresden University of Applied Sciences, Germany

By the help of a derivative-free search method (differential evolution), the parameter estimation for a nonlinear
regression function (binary logistic regression) is carried out. Random data material is available: Depending
on the volume x (x=0 "very quiet" to x=5 "very loud") the ringing of an alarm clock leads to the fact that one
""continues to sleep™ (category y=0) or "wakes up and get up"(category y=1). It can happen that a quieter ringing
is already heard and a louder ringing is not heard. The example is suitable for school mathematics and shows
connections to the theory of probability.

Keywords: Relationship between school mathematics and probability theory, derivative-free search method,
differential evolution, parameter estimation, binary logistic regression, nonlinear regression, method of least
squares, vector calculation.

Preface:

Ministry of Education in Saxony/Germany introduced 2004:

Modern Math Education with CAS, DGS and TC beginning in the 8th class upto 12th class,
using graphic calculators (GTR)

CAS - Computer Algebra Systems

DGS - Dynamic Geometry Software

TC - Spreadsheet (Table Calculation)

GTR - Grafiktaschenrechner: Graphic Calculator

8th class:

- Knowledge of the use of CAS when forming more complex terms and equations

- Investigating the influence of parameters in the function equation to trace the graph with DGS, TC,
GTR or CAS

- Finding equations for measurement series with the help of linear regression with with GTR, CAS
orTC

- Solving linear systems of equations with more complex coefficients with GTR or CAS (two equa-

tions with two unknown variables)

9th class:

- Functions and Powers

- Mastered of determining zero quadratic functions, graphical solving quadratic equations and solving
with GTR or CAS

10th class:

- Obtaining the inverse function with CAS, graphical interpretation

- Use of CAS to demonstrate the properties of functions

- Obtaining illustrative of the limit concept

- Know of parametric representation and polar coordinates to describe curves with GTR and CAS

11/12th class:

Differential calculus

- The use of CAS in particular, should promote discovery learning, and support for substantive tasks,
the reflection on the facts and the interpretation of the result.

Integral Calculus

- The use of CAS in particular, should promote discovery learning, and support for substantive tasks,
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the reflection on the facts and the interpretation of the result.

worksheets:

- The use of worksheets in mathematics instruction has a long tradition.

- The use of a worksheet should guide the students to a structured work.

- Instead of an oral instruction, which requires a synchronous work of all students, the worksheet
individually and with their own timing can be processed next.

- The sequence of the work orders in the worksheet helps to recognize the logical structure of a
problem; the work procedures help to penetrate the question.

The disadvantage of a sheet of paper with work orders is seen, that the tools which can be
used must be made available about. The students do not know always, how to carry out its solution
steps in detail. Moreover, in a classic worksheet are missing the self check of the results, a feedback
of the partial steps and also the visualization of the results.

The new developed eActivity in the ClassPad represents an extremely rich extension of the
worksheet. The eActivity com-bines the written representation of the setting of tasks of a worksheet
with the tool level of the ClassPad.

These tools are the individual menus or modules, which the ClassPad offers: Computer alge-
bra system, dynamic geometry software, computer statistics, curve plotter, and much more.

eActivity:

- Thus, all tasks can be worked on with the possibilities of the computer.

- At the same time, the documentation of the work can be entered directly.

- The found results can to be visualized immediately or the results may be in a hidden file, can be
viewed.

- Itis an interactive work of the students, between setting of tasks and the results and control of the
results themselves.

The tool — ClassPad 400: http://edu.casio.ru/fx-cp400/ (Accessed Sept. 23, 2021)

- Graphic calculator with a touch screen

- The Fx-CP400 has a number of features to help students to learn better

- USB support for fast and easy data transfer and compatibility with a CASIO projector for
displaying information on a whiteboard.

The tool — Beamer XJ-A146: http://casio-projectors.ru/products/xjald6/ (Accessed Sept. 23, 2021)

Picture 1. Graphic calculator with a touch screen and a CASIO projector


http://edu.casio.ru/fx-cp400/
http://casio-projectors.ru/products/xja146/
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eActivity — an example
Differential Evolution in School Mathematics - a derivative-free method for calculating extreme
values
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Picture 2. Current software (September 2021)

Using a graphic method (3D graphics) and later the derivative-free search method (differential
evolution): estimation of the parameters of the nonlinear regression function (binary logistic regres-
sion).

Setting up the problem:

Here the binary logistic regression is concerned with testing the effect of a variable x on a binary
outcome y. To demonstrate the process of the regression, the discussion focuses on a question of
obvious importance:

How does the volume x of an alarm clock affect the getting out of bed in the morning? Depending on
the volume x (x=0 "very quiet" to x=5 "very loud") the ringing of an alarm clock leads to the fact that
one "continues to sleep” (category y=0) or "wakes up and get up"(category y=1).

A set of random data is available:

It may happen that the quieter call is already heard, but the louder one is not heard. The example is
suitable for school mathematics and shows the connection with the theory of probability.

Here we examine the data material from the book by M.Scarpino [3] for n = 40 consecutive days with
increasing alarm volume from x=0 to x=5 and the detected binary output y=y (x).

For the growing from 0 to 5 alarm volume x1 to x40 we have:

x1=0, x2=x1+5/39, x3= x2+5/39, ..., x40=x39+5/39, that volume in data list xxliste.

The categories (detected binary output) y1 to y40 (0 or 1) are in the data list yyliste:
{0,0,0,0,0,0,0,0,0,0,1,0,0,1,0,0,0,1,0,0,1,0,24,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1}
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For data processing (see Picture 3), the school mathematics software from CASIO is used:

ClassPad-Manager-Subscription Version for ClassPad Il Series Version 02.01.7000

see: (Accessed Sept. 23, 2021)
https://edu.casio.com/products/classroom/cp400/

https://support.casio.com/ru/support/osdevicePage.php?cid=004002065

https://casio-calcs.ru/products/fx-cp400/
http://edu.casio.ru/classpad2-fx-cp400-pri-obuchenii/

y(x)=1/(1+e™(-a*x+b)), a>0, b>0.

Defining the nonlinear regression model with the logistic function.The binary logistical
regression is based on the following model approach:

In Picture 4 we can see the 40 data points and various logistic functions:

e.g . the blue curve: y(x) = 1/(1+e"(-27*x+85)) is not optimal (the left 1 values are not included),
the green non-growing curve is obviously not suitable: a=-3.6 <0,b=-8.3<0


https://edu.casio.com/products/classroom/cp400/
https://support.casio.com/ru/support/osdevicePage.php?cid=004002065
https://casio-calcs.ru/products/fx-cp400/
http://edu.casio.ru/classpad2-fx-cp400-pri-obuchenii/
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Picture 4.

The objective function is the MKQ function (MKQ method of the smallest squares):
MKQ(a,b)=1/(n-2) * sum((yi-y(xi))"2,i,1,n) = min!

The optimal solution is the red curve with a=2.17434, b=5.16894 (result with ClassPad software)
MKQ =0.0911667

From the point of view of probability calculation, the red curve is a distribution function.
Examine the 3D graphics of the MKQ function to solve the min-problem:

MKQ(a,b)=1/(n-2) * sum((yi-y(xi))"2,i,1,n) = min! with y(x)=1/(1+e"(-a*x+h)).

The school software requires the standard variables x, y, z for the 3D graphics.

Hence we define z(x,y)=MKQ(x,y) with x=a and y=b. (Viewing cuboid: -10 < x <10, -10 <y <10, -
1 <z <1, grid lines 55 in the x- and y-direction) (see Picture 5).

£+ Edit Zoom Analyse & [x]
BB B R Y Y e E [
Ic=0. 0911667 z—Berechnung
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z5=approx ( (z1 (x, ¥)+z2(x, ¥v)+z3(x, vI)+zd(x, v) ) /38) | [

Picture 5.

Inputing of 40 MKQ terms for the 3D graphical display, we finally obtain:
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Picture 7. View in angle: theta = 58°, phi = 72°

Another way to solve the min-problem is optimization of the objective function z(x,y) by
the method without derivatives: differential evolution, self-programming for ClassPad 1.
The starting points are 10 random points in the definition area -10 < x <10, -10 <y <10. After
50 iteration steps, the 10 random points are all near the minimum position (see Picture 8):
2.17<x<2.18and 5.16 <y <5.18.
The stochastic search method works derivative-free and uses the elementary vector calculation.
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Picture 8.

Create 10 random starting points in the search area: using randL.ist(10)

# Datei Edit Einfilgen Aktion
B[ &e| B [A2 |

[ X3

Differential Evolution:

Programm RandCRS50(ff, cr, xliste, vliste, border) nutzen
0.0911667, {x —> 2.17434, v -> 5.16894}
Ergebnis mit Mathematica

Generationszidhler:
K:=0

{-10,10,-10, 10}%border

{-10,10,-10, 10}
RandSeed 9

done

approx ( 20randList { 10)=10)»xlisteb
{-6.053806644, —-6. 328262374, 0. 894295298, -9. 578910893, 7. 244629704, 0. 49145143, -0. 1757908286, 5. 4836[@
approx (20randList (10)—-10)3>vlisteb
{-8.95945179,-1.506232056, 4. 757856814, 5. 299503398, 8. 75363619, 2. 363452434, 2. 545073296, —4. 9531082@
approx (z(xlisteb, ylisteb) ) »zliste
{0.8078533033,0.6169221128, 0. 3766960685, 0.5789480784, 0. 2055075386, 0. 2570922534, 0.5343115336, 0. QIH
approx (min (zliste) )

0.2055075386

Algeb Standard Reell 2n

Picture 9.

Calling the program RandCR50(0.55,0.9, xlistb, ylistb, border):
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& Datei Edit Einfilgen Aktion

(B o] e |

RandCR50(0. 55, 0. 9, xlisteb, ¥listeb, border)

done
K

50
approx ( xlistec) $xlisteb
{2.174421686,2.17431589, 2. 174372362, 2. 174136396, 2.174344095,2.174152, 2. 17423382@
approx (vlistec) ?ylisteb
{5.169138198,5. 168909356, 5.169137161, 5. 168508036, 5. 168947533, 5. 168553319, 5. 168£H
approx { z (xlisteb, ¥listeb) )3zliste
{0.09116674032,0.09116674033,0.09116674054,0. 09116674062, 0,0911667403, 0. 091166'@
approx {min(ans) )

0.0911667403

STAT—Editor E

stop

Algeb Standard  Reell 2o L
Picture 10.

To the procedure:

For every vector x of the old generation, there is additionally three vectors from the old generation
(xr1, xr2, xr3), determine the donor vector (v) as a linear combination of xr1, xr2, xr3:
v=xr1+F*(xr2-xr3), 0<F<2 (here F = 0.55, mutation factor).

Picture 11.

x and v together form the parent couple for the recombination. Create a trial vector (u) by
mixing the elements of x and v. The mixture of the elements of x and v takes place random-controlled.
X, V, U are vectors of the dimension D=2. CR is the cross-over-rate: 0<CR<1 (here CR=0.9).

j is now an integer random number (j=1 or j=2) and ri is a real random number: O<ri<1.
j ensures that x and u differ in at least one element:

for i=1,2 now ui=vi, if ri<CR or i=j, otherwise ui=xi.

x and u form competitors in the selection.

Now select one of the two vectors X, u for the new generation. The selection is based exclu-
sively on the basis of the quality (fitness) of an individual (vector). Only the better of the two indi-
viduals is transferred to the new generation.

The selection takes place deterministic, not random dependent:

x*=u, if MKQ(u)<MKQ(x), otherwise x*=x.
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MKQ is the quality function to be optimized (fitness function). If the quality is the same, the individ-
ual x* created by mutation and recombination is taken over into the new generation of 10 points
(vectors). Here we created 50 generations to get the optimal solution, which improves the result by
M. Scarpino [3].

Appendix.

The source code of the program RandCR50 with the subprogram RandCRO02:

'RandCR50 (ff, cr, xliste, yliste, border)

Local zmini, zminil
ClrText

approx (xliste) »xlisteb
approx (vliste) $vlisteb

approx (approx (min (z {xliste, ¥liste) ) ) ) $zmini
Local

For 1L To 50 Step 1
RandCRO2 (ff, cr, Xllsteb vlisteb, border)
xlistecoxiisteb
vlistec®vlisteb
BPProx| (min (approx(z (Xllstec ylistec) ) ) )3zminil
Nprltnt "min neue Generation™: print {K, approx(zminil) }
ex

print ” "
print “min alte Generation™ prlnt approx (zZmini)
print "min neue Generation”:print approx{zminil)

return

’Prof. Dr. Ludwig Paditz 21.01.2020, korr.am 21.03.2021
*Differeniial Evolution mit Test —Koordinaten im Bereich—
'Programm RandCRO2 (ff, cr, xliste, vliste, border)
"Bereitstellung der Zufallsauswahl in randlL und vekL [k, m,, ma, ms, CR, CR]
’AD( 20) ... Dimension der zweidim. Punktegeneration
sed ... zufalliger Startpunkt des Zufallsgenerators
'F( 0.8) Gewichtsfaktor fiir Vektordifferenz in v
'CR(=0.3) Vergleichswert fiir zufilliges Croosover
*border ... {xu,xo,vu,vo} Bereichsgrenzen

Local F,CR, AD, sed, xlistea, ¥listea, randL, I, vekvx, vekux, vekvy, vekuy, veku, zxv1, zxy2,
ZXY, 21
Local vekL, xu, xo, yu, vo, randL1, randL2, randL3, randL4, randL5, randL6, vekvxx, vekvys
;?eilngationszﬁhler

+

approx (ff)»F

approx (cr)»CR

dim (xliste) »AD
randList(1, 1, 10)—1>sed
RandSeed sed[1]

approx (border[1]1)2xu
approx (border[2] ) #xo0
approx (border[3]1)>vu
approx (border[4])3vo

"ClrText

'Anfangslisten (Anfangsgeneration) xlistea, vlistea
approx (xliste) »xlisteal approx(xliste)>xlistec
approx (vliste) »vlistea: approx(vliste)®vlistec

:Generieren der bendétigten Zufallsdaten (unabhfngig von Datenpunkten und Zielfunktion)

der_aktuelle Index [(=1) wird ausgeschlossen, .

;"drelV w]?tltere unterscheidbare Indizes (m,, mz, ms) per Zufallsauswahl ermitteln fir Dona
or—Vektor

*Zufallsindex (1 oder 2) fiir Koordinatenauswahl zum Crossover ermitteln

'fiir jede Koordinate zufilligen Vergleichswert fiir CR generieren

randList (AD, 1, 2)zrandlL1

randList (AD) #randL5

randList (AD)>randL6

randLL1#randL2: randL1#randlL3: randLl1#randl4
For 1% To AD Step 1

Lbl AA

randList (3, 1, AD)»randL
lUf prod (randL-T)*(rand.[1]1-randL.[2])*(rand.[1]1-rand.[31)*(randL.[2]-rand.[3])

_Then
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randL[ 1 ]»randL2[I]
randL.[2]2#randL3[]]
randL.[3]randL4[I]
next

augment (augment (augment (augment (augment (listToMat (randL.1), listTolMat (randl.2) ), listTo
Mat (randL3) ), listToMat (randL.4) ), listToMat (randL.5) ), listToMat (randL8) ) SvekL
approx (trn ( vekL) ) 3vekL

'Matrix vekL komplett generiert (6 Zeilen, AD Spalten)
:p{int approx (vekL.)
stop

:Erzeugung des Vektors v und aus zufallsgesteuerter Mischung von v und x ergibt sich u

Se?{ (approx (xlistea [ vekL.[ 2, [1 1+F* (xlistea[ vekL[ 3, [1 1—xlisteal vekL.[4,111)),1, 1, AD, 1)=>
vekvx
seq (approx (vlistea[vekL.[ 2, I 1+F* (ylistea[vekL[ 3, I]11-ylisteal vekL.[4,111)),1,1, AD, 133

volkvv

For 1% To AD Step 1
' Test, dass Koordinate vekvx im vorgegebenen Gebiet bleibt
[fTﬂpprox( (vekvx[I1-xu)* (vekvx[11-x0))>0
en
randList { 1) % (xo—xu) +xudvekvxx
vekvxx[1]13vekvx[I]
IfEnd
' Test, dass Koordinate vekvy im vorgegebenen Gebiet bleibt
[fTﬁpprox ( (vekvy[I1-vu)*(vekvy[I]1-v0))>
en
randList { 1) ® (yo—yu) +vudvekvyy
[fxéelévyy [113vekvy[1]
1

Next

vekvxavekux
vekvyavekuy

For 11 To AD Ste
If vekL[5, I]*(vekL[l [1-1)>CR

Then
Xllstea [11#vekux[I]
IfEnd
If vekL[6,[]1%(2—vekL.[1,11)>CR|

Then
vlistea [11#vekuy[1]
IfEnd
Next

approx (trn (augment (listTolMat (vekvx), listToMat (vekvy) ) ) )3veku

'Auswahl des besseren Vektors x oder u mittels Zielfunktion (Guitefunktion, Fitnessfunktion)
'Ergebnislisten (neue Generation) xlistec, vlistec
For 131 To AD Step

approx (z (xlistea [I] yllstea [11) )zxy

approx (z(vekul1l, ] veku[2,11))3zu

If approx{zu)<approx (zxy)

Then

vekul 1, I1®xlistec[I]

vekul 2, [1?¥listec[]]

Else

xlistea [[1xlistec[I]

ylistea [[12ylistec[1]

IfEnd

Next
return
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JNODPEPEHIIUAJIBHASA 3BOJIIOLUSA B IHKO.JII)HOE/'I MATEMATHUKE - METOJ
BBIYUCJIEHUA SKCTPEMAJIBHBIX 3HAYEHHWU BE3 ITPOU3BOJHbBIX

JI. ITaguT
Jpe3ieHCKHuil YHUBEPCUTET NMPUKIAAHBIX HAayK, pe3neH, ['epmanus

C moMoIIbI0 MEeToa IMOMCcKa 0e3 TPON3BOIHEIX (A depeHITHaTbHAS IBOIOIHS ) BEITOIHICTCS OICHKA ITapa-
MeTpoB (PyHKITNHN HENMMHEHHON perpeccruy (ABOWYHAS TIOTUCTHYECKas perpeccus). JlocTymHbI ciyJaifHble JaH-
HbIC: B 3aBUCHMOCTH OT TPOMKOCTHU CHTHasa OyauiabHUKA X (X=0 «OYEeHb THXO» J0 X=5 «OYCHb TPOMKOY)
3BOHOK OYyAMJIFHUKA IPHUBOANT K TOMY, YTO YEIIOBEK IIPOIOIDKAET CIaTh» (KaTeropus Y=0 ) win «mmpockina-
eTcs u BcraeT» (kareropust Yy=1). MOXeT cIyduThCsl Tak, 9TO OoJiee TUXHMI 3BOHOK YK€ CIBIIIEH, a Ooiee
IPOMKHH He ciblileH. [Ipumep noaxoauT Juis HIKOJIBHONM MATEMATHKU U IOKA3BIBAET CBA3b C TEOPUEU BEpO-
SITHOCTEH.

Knroueswvie cnoea: Ceasb WKOAbHOU MamMeMamuKky U meopuu 8eposimHocmeti, Memoo noucka 6e3 npouzeoo-
HbIX, OUphepenyuanbHasn 960110YUs, OYEeHKA Napamempos, 08OULHAS TOSUCMUYECKAs pecpeccusl, HeluHeluHas
peepeccus, Memoo HauMeHbUx K8adpamos, paciem 6eKmopa.
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